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Abstract. On the set of mappings of the given set, we define the product of 
mappings. If A is associative algebra, then we consider the set of matrices, 
whose elements are linear mappings of algebra A. In algebra of matrices of 
linear mappings we define the operation of "-product. The operation is based 
on the product of mappings. 

If the matrix a of linear mappings has an inverse matrix, then the quasidc- 
terminant of the matrix a and the inverse matrix are matrices of linear map- 
pings. In the paper, I consider conditions when a matrix of linear mappings 
has inverse matrix, as well methods of solving a system of linear equations in 
an associative algebra. 
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1. Preface 

I gave the definition of tensor products of division rings (section [3J-12.2) almost 
at the same time when I defined the linear mapping of division rings (section [3]- 
9.2). It was evident for me that components of a linear mapping are tensor of order 
2. However this statement was for me so unexpected that until now I have written 
nothing about this in my papers. 

There was a contradiction in this statement. I used a linear mapping to define 
a tensor of order 1. However to build a mapping I was need a tensor of order 2; in 
other words, I was need a bilinear mapping. 
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However, I do not see any contradiction now. For any field F, tensor product 
F®F is isomorphic to F. The consequence of this isomorphism is the possibility of 
replacing tensor a<g> b by ordinary product ab. Therefore, the set of linear mappings 
of the field F is isomorphic to the field F or, to be more exact, to the set of left 
shifts of the multiplicative group of the field F. In division ring, the product is 
noncomutative and there is no such isomorphism. 

Another problem that I met arose when I wanted to represent a derivative of a 
mapping of vector space as a matrix of partial derivatives (the equation [4]-(6.2.11)). 
One may be tempted to write the Jacobi-Gateaux matrix of mapping as a product 
of matrices 



(1.1) 



f df\x) 
dx 1 



(h 1 ) 



\ dx n v 



dx 1 [ ' 

df m (x) 



dx n 



(h n )J 



f df\x) 
dx 1 

a/ 1 (s) 

V dx n 



df m (x) \ 
dx 1 



df m (x ) 
dx n 
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However, it is evident that the equation (1.1) is not true. However the matrix 
written in the left side of the equation (1.1) has very strong deficiency. I have 
impression that rank of this matrix depends on increment of argument. 

We observe similar picture in the theorem [4]-6.2.12, where the derivative has 
form 



(1.2) 



&gf{x){a) = dg(f(x))(df(x)(a)) 



The last reason to change model under study was the rule of transformation of 
vector in curvilinear coordinates of affine space (equations [5]-(8.1.5), [5]-(8.1.6)) 



(1.3) 



x' i (x')(v' i ) = x j (x) (UK) 



This finally convinced me that I had met new mathematical object. The name 
of this object is functional matrix, in other words, the matrix whose elements are 
mappings. 

All that remains is the final step. If the element of the matrix is the mapping, 
then I break the connection between the mapping and the argument, or more 
exactly, I write the mapping as an operator 

f(x) = fox 

Using new notation, I can write the linear mapping of division ring in the fol- 
lowing form 



[a 



ej)ox 



Correspondingly, we can write derivative of mapping / in the form 
(1.4) df(x)oa 



d ij f(x)_ 

es (g) e , 



dx 



o a 



In the equation (1.4), I succeeded in separation of derivative and increment. 

2. Conventions 

(1) In any expression where we use index I assume that this index may have 
internal structure. For instance, considering the algebra A we enumerate 
coordinates of a S A relative to basis e by an index i. This means that 
a is a vector. However, if a is matrix, then we need two indexes, one 
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enumerates rows, another enumerates columns. In the case, when index has 
structure, we begin the index from symbol • in the corresponding position. 
For instance, if I consider the matrix a* as an element of a vector space, 
then I can write the element of matrix as a'*-. 
(2) We consider algebra A which is finite dimensional vector space over center. 
Considering expansion of element of algebra A relative basis e we use the 
same root letter to denote this element and its coordinates. However we 
do not use vector notation in algebra. In expression a 2 , it is not clear 
whether this is component of expansion of element a relative basis, or this 
is operation a 2 = aa. To make text more clear we use separate color for 
index of clement of algebra. For instance, 



(3) When we consider finite dimensional algebra we identify the vector of basis 
eo with unit of algebra. 

(4) Without a doubt, the reader of my articles may have questions, comments, 
objections. I will appreciate any response. 

3. Product of Mappings 

On the set of mappings 

f:A^A 

we define product according to rule 

(3.1) f°g = f(g) 

The equation 

f°g=g°f 

is true iff the diagram 




A 

is commutative. 

For a £ A, there exists mapping 

(3.2) f a (x) = a 

If we denote mapping f a by letter a, then using equation (3.1), assume 

(3.3) / o a = /(a) 

4. Bipjng of Functional Matrices 

If A is fj-algebra ([1, 7]), where the operation of addition is defined, then we 
consider the set of functional matrices, whose elements arc mappings 

f-.A^A 

According to definition [3J-2.2.1, we define °-product of functional matrices 

b °c = (b a c oc c b ) 
(b °c)t = ftgocg 



(4.1) 
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According to definition [3J-2.2.2, wc define o -product of functional matrices 

b° c = (b c b oc a c ) 

5. Algebra of Linear Mappings 



(4.2) 



Let A be associative algebra over field F. Let e be basis of algebra A over field 
F. Let eo be unit of algebra A. The product in the algebra A is defined according 
to rule 

(5.1) eiej = B k -e k 

The equation 
(5-2) BV jB l k =BlB% 
follows from equation 

{eiej)e k = ei(eje k ) 
For given a, b £ A we define linear mapping a®b according to rule 

(a ® b) o x = axb 

The sum of linear mappings is also a linear mapping. The set of linear mappings 
is algebra A (g) A. We define the product in algebra A <g) A according to rule 

(5.3) (a <g> b) o (c ® d) = (ac) ® (dfe) 
The equation (5.3) follows from the equation 

(5.4) (a ® b) o ((c ® d) o x) = (a ® b) o (cxd) = a(cxd)b = (ac)x(db) 
Hereinafter we will use the standard representation 

(5.5) (a l3 ei ®~e~j) o x = a^eixej 

Theorem 5.1. The product of linear mappings in the standard representation has 
form 

(5.6) (a ij ei ® e,-) o (6 fc 'e fc ® e t ) = a ij b kl Bf k B^e p <g> e q 
Proof. The statement of the theorem follows from the equation 

(a ij ei ®ej)o {{b kl e k ®e;)oi) = (a ij 'e» <g> o (b kl e k xei) 

(5.7) = a ij eib kl e k xei-ej 



a ^Bl k Bt-e v xe q 



□ 



Theorem 5.2. TTie product of linear mappings of algebra A is associative. 
Proof. Consider linear mapping 



a = a %] ~e~i ® e.j 
b = b %j ei <g> e.j 
c = c tJ ei <g> e 7 - 



According to equation (5.6) 

(a o b) o c= (cWB£ fc B£ep <g> e,) o (c a& e a g> e b ) 
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a o (b o c )= (o«ei ® 5j) o (b kl c ab B^ a B q bl e p ® e g ) 
= a i tb kl c ab B* a BZ l B? p B t qj e B ®e t 
According to equation (5.2) 

(5-10) Bf k B; a =B p ka Bt p 
(5-11) Bt-Bl^Bl^ 

The statement of theorem follows from equations (5.8), (5.9), (5.10), (5.11). □ 
6. Matrix of Linear Mappings 
Let A be associative algebra over field F. 

Definition 6.1. Functional matrix a is called matrix of linear mappings, if a\ 

is linear mapping of algebra A. □ 

Theorem 6.2. The product of matrices of linear mappings of algebra A is asso- 
ciative. 

Proof. The statement of theorem follows from theorem 5.2 and chain of equations 
(fo°g)o°h = {{fo°g)) o h{) = ((/*, o gf ) o h{) 

= fo°(g °h) 

□ 

Theorem 6.3. C '-product of matrices of linear mappings is a matrix of linear 
mappings. 

Proof. The statement is corollary of equation (4.1) and theorem [3J-9.2.21. □ 

We will use the standard representation for notation of linear mapping. The 
standard representation of matrix of linear mappings has form 

( fi ij ei ®e s ... f;,''T, - 7 / 

(6-1) / = 

V/r^ei®^- ... /r^e^e,-, 
According to the definition (3.3), 

' / 1 ' T; 7, ... /,;"" 7 \ 

(6.2) 



JF^ei^ej ... f™- ij ei®ejj \a n J \J™-*>>.-«^ 





















I-I 




H 









'e,a e 



Theorem 6.4. For given matrices of linear mappings 



b = {b) kl e k ®ei) c= (c) kl e k ® e z ) 



o° -product has form 



(6-3) b o c={by ab c* cd B* c Bl d e k ®e l ) 
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Proof. From the equation (4.2), it follows that 

(6 °c)j = (bi ab e a ® e b ) o (cf cd e c ® e d ) 
(6.4) = &;- ab c?' cd (e e c ) ® (e b e d ) 

= bl ah c? j cd {B k ac e k )®{B l bd e l ) 
Equation (6.3) follows from equation (6.4). □ 

7. QUASIDETERMINANT OF MATRIX OF LINEAR MAPPINGS 

Theorem 7.1. Suppose n x n matrix a of linear mappings of algebra A has o - 
inverse matrix 1 

(7.1) a °a- 1 °°=(5 

Then k X k minor of ° -inverse matrix satisfy to the following equation, on condi- 
tions that considered inverse matrices exist," 

(7.2) (a- 1 ** J Jj)~ lo ° =aj-af I]0 °(a. [ ! ] J J] y 1 ° t 
Proof. Definition (7.1) of °-inverse matrix leads to system of linear equations 

(7.3) alpa-^f + a^o'a-^^O 

(7.4) a J [I]o o a- l °° [ j ] +aU°a- x ° 0l j = 5 

We multiply (7.3) by (a.-'f}] 

(7.5) a -^ [ j ] + (a [I] 



[J] 
i 



yi-'O) — a \no r 7i I o cij o a j + a /o a j 



,/ t i [j] y o "/ o 
Now we can substitute (7.5) into (7.4) 

-lo 

l [I]o I"- [J] I o «j o 

(7.2) follows from (7.6). □ 

Corollary 7.2. Suppose n x n matrix a of linear mappings of algebra A has a °- 
inverse matrix. Then elements of ° -inverse matrix satisfy to the equation 2 

(7-7) (7te-^ = ^-af <| o (a.%)" lo0 „ aW 

□ 

Definition 7.3. (g)- °-quasideterminant of n x n matrix a is formal expression 2 



(7.8) det(a, °)£ = [Ha 



^This statement and its proof are based on statement 1.2.1 from [2] (page 8) for matrix over 
free division ring. 

2 The notation (A^_'~) _1 means that we exchange rows and columns in Hadamard inverse. 
We can formally write this expression in following form 
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According to the remark [3J-2.1.1 we can get (*)-%-quasideterminant as an element 
of the matrix det (a, °) which we call °-quasideterminant. □ 

Theorem 7.4. Expression for elements of ° -inverse matrix has form 

(7.9) a- u ° = ndet{a l0 °) 

Proof. (7.9) follows from (7.8). □ 

Theorem 7.5. Expression for (£)- ° -quasideterminant can be evaluated by either 
form 

(7.10) det (a, °? a =a b a - a b [a]0 ° (o. 1 ^' 1 '" o°a^ 

(7.11) deb(a, )l = a b a -a^ a]0 ndet(a^\, ) a^ 

Proof. Statement follows from (7.7) and (7.8). □ 

Theorem 7.6. Let a be matrix of linear mappings. Then matrices det (o, °) and 
a~ la are matrices of linear mappings. 

Proof. We will prove the theorem by induction over order of matrix. 
For n = 1, from the equation (7.10) it follows that 

det (a, °)l = a\ 

Therefore, quasideterminant is a matrix of linear mappings. From theorem [6]-4.2, 
it follows that the matrix a _1 ° is a matrix of linear mappings. 

Let the statement of the theorem be true for n — 1. Let a be n x n matrix. 

According to assumption of induction, the matrix fa.^'^-J in the equation 
(7.10) is a matrix of linear mappings. Therefore, (j)- °-quasideterminant is linear 
mapping. From theorems [6]-4.2, 7.4, it follows that the matrix a _1 ° is a matrix 
of linear mappings. □ 

8. System of Linear Equations in Associative Algebra 
Theorem 8.1. Identity matrix e has standard representation 

(8.1) e)- km = 8)5*5™ 

Proof. First of all, elements of identity matrix are different from only on diagonal. 
Therefore, i = j. Since every element on diagonal equal to identity of the field, 
then element of the matrix has form eo <8) eo- Therefore, k = 0, m = 0. □ 

Theorem 8.2. Let a be matrix of linear mappings of algebra A. Let b be matrix, 
o° -inverce matrix a. Elements of matrices a and b satisfy to the equation 

(8.2) a^^BtBZ = 5}5%5Z> 

Proof. Equation (8.2) follows from equations (6.3), (8.1). □ 

Definition 8.3. If n x n matrix a of linear mappings of algebra A has °-inverse 
matrix we call matrix a °-nonsingular matrix of linear mappings. Otherwise, 
we call such matrix "-singular matrix of linear mappings. □ 
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The system of linear equations in associative algebra has form 

!a\ ij e.iX k ej = b 1 
... 
aZ ij e i x k e j = b m 

We can write the system of linear equations (8.3) in matrix form 



(8.4) 



ii'* 3 ei ® ej ... o™' ,J ei ®ej 



















)••! 




i-i 













(8.5) a °x = b 

Definition 8.4. Suppose a is °-nonsingular matrix. Appropriate system of linear 
equations (8.5) is called O -nonsingular system of linear equations. □ 

Theorem 8.5. Solution of nonsingular system of linear equations (8.5) is deter- 
mined uniquely and can be presented in either form 

(8.6) x = or 1 °° b 

(8.7) x = ndct(a, °) °b 

Proof. Multiplying both sides of equation (8.5) from left by a _1 °° we get (8.6). 
Using definition (7.8) we get (8.7). □ 

We can also consider solving of the system of linear equations (8.4) the same 
way as is done in the theorem [6]-4.1 If a k has expansion 

a k = a kp e p 

then the system of linear equations (8.3) is equivalent to the system of linear equa- 
tions 

(8.8) f l k p q a k " = b l * 
where 

rip _ fl-ij na r>P 
Jkq — Jk a iq a aj 
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Maxpnu,a jihhghhmx OToGpa^ceHHH 

i AjieKcaHflp KjieiiH 

h ; 

' Ahhotai^hh. Ha MHO^cecTBe OTo6pa:>KeHHH 3ajj,aHHoro MHOJKecTBa onpe^ejie- 

ho npOH3Be,z],eHHe OTo6pa?KeHHH. Ecjih A - accouHaTiiBHasi ajire6pa, to mm 

£h ■ MOJK6M paCCMOTpeTb MHOJKeCTBO MaTpHH,, SJieiVieHTBI KOTOpblX 5IBJI5HOTCS Jill- 

HefiHbie OTo6pa»ceHH5i ajireSpbi A. B ajire6pe MaTpnu, jiHHeHHbix OTo6pa?Ke- 
hhh onpe^ejieHa onepanxHH °-npoH3Be r n,eHHa:, onHpaiomaHCH Ha npoHSBe^eHHe 
^" ,,, »»*. i OTo6pa»ceHHH. 

£Nj . Ecjih MaTpHi^a a jiHHeiiHbix OTo6pa>KeHiiH HMeeT o6paTHyio MaTpniry, to 

KBa3HfleTepMHHaHT MaTpHD,bI a H oSpaTHaH MaTpHUa 53BJT53IOTCH MaTpHLI,aMH 

I 1 1 ' jiHHeiiHbix oTo6pay*ceHHii. B CTaTte paccMOTpeHbi ycjiOBHH, KOiyja MaTpHija 

i jiHHefiHbix OTo6pa?KeHHH HMeeT o6paTHyio MaTpHiry, a TaK>Ke MeTOflbi pemeHHH 

, CHCTeMM JiHHeiiHbix ypaBHeHHH b accoi^HaTHBHOii ajire6pe. 

ctf . 
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^ ' 3. npoH3Be,ii;eHHe OTo6pa:»ceHiiH 3 

CS| , 4. BiiKOjibup (pypiKn,HOHajii>Hbix MaTpHu; 4 
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6. MaTpHu,a jniHefmbix OTo6pajKeHHft 5 
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51 ,aaji onpe/i,ejieHHe TeH3opHoro npoii3BefleHHH Teji (pa3^eji [3]- 12. 2) npaKTHne- 
ckh oflHOBpeMeHHO c onpeflejieHneM jiHHeimoro OTo6pa:sceHiis Teji (pa3,a,e.ji [3]-9.2). 
JXjisi M6H3 6hjio oneBiiflHO, hto KOMnoHeHTbi jiHHeftHoro OTo6pa»;eHHa 6hjih TeH- 

30pOM BajlGHTHOCTH 2. Ho 3TOT CpaKT 6bIJI flJIH MeHH HaCTOJIbKO HeOJKHflaHHbIM , HTO 

h pp chx nop HHnero He imcaji 06 stom b cbohx CTaTbax. 

B stom yTBepjKfleniie 6bi.no neKOTopoe npoTiiBopenHe. 51 Hcnojib30Baji jiiiHeiiHoe 
OTo6pa»ceHHe, HTo6bi onpeflejniTb TeH3op BajieHTHOCTii 1, a pjisi nocTpoemiH oto6- 
pa^KeHHH MHe HyaceH 6biji Temop BajieHTHOCTH 2, t. e. 6HjiimeHHoe OTo6pajKeHne. 
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AjieKcaHflp Kjichh 



HiiKaKoro napaflOKca, oflHaKO, 3ppci> hct. JXjisi jiioGoro nojia F TeH3opHoe npoH3- 

BefleHHe F®F H30MOp(pHO F. CjieflCTBHeM 3TOTO H30MOp(pH3Ma flBJiaETCfl B03MO}K- 

HOCTb 3aMeHiiTb Ten3op a ® b o6bi x iHbiM npoH3Be/i,eHHeM ab. IIosTOMy mhokbctbo 
jiiiHeiiHbix OTo6pajKeHHii nojia F iraoMopcpHO nojiio F, hjih TOHHee, MHOJKecTBy jie- 
bbix CflBHroB MyjibTiinjiHKaTHBHOH rpynnbi nojia F. B Tejie npoii3Be,n,eHHe hckom- 

MyTaTHBHO H 3TOT H30MOp<pH3M OTCyTCTByeT. 

,3,pyraH npo6jieMa, c KOTopoii h bctpcthjich, B03HiiKjia, Kor,n,a h 3axoTeji npe,n,CTa- 
bhtb npoii3BOflHyio OTo6pajKeHHH BeKTopubix npocTpancTB b BHfle MaTpimbi nacT- 
hbix npoH3BOflHbix (paBGHCTBO [4]-(6.2.11)). Bo3HHKaeT jKejiaHiie 3anncaTb MaTpii- 
ny 5lKo6n-raTO OTo6pa»ceHiiH b BHfle npoii3BeflenHH MaTpiin, 



(1.1) 



f df\x) 
dx 1 

df\x) 



dx 7 ' 



(h 1 ) 
(h n ) 



dx 1 [ > 

df m (x) 



dx n 



(h n )J 



( df\x) 
dx 1 

df\x) 
\ dx n 



df m (x) \ 
dx 1 



df m (x ) 
dx n 



J 



'h ls 



O^HaKO OHeBHflHO, hto paBGHCTBO (1.1) HeBepHO. OflHaKO MaTpiii^a, 3anHcaHHaa 
b jieBoii nacTH paBGHCTBa (1.1) HMeeT o^ent cepi>e3HMH HefloCTaTOK. Bo3miKaeT 
omymeHiie, hto paHr stoh MaTpiiirbi 3aBiiciiT ot npiipameHHH apryMeHTa. 

noxo»caH KapTHHa Ha6jno,ii;aeTCH b TeopeMe [4]-6.2.12, iyi,e npoii3BOflHaa HMeeT 

BHfl 

(1.2) dgf(x)(a) = dg(f(x))(df(x)(a)) 

IlocjieflHHM flOBOflOM H3MeHHTb paccMaTpHBaeMyio MOflejib CTaji 3aKOH npeo6pa- 
30BaHHH BeKTopa b KpHBOjiHHeiibix KOop/nmaTax acpepHHHoro npocTpancTBa (pa- 
BeHCTBa [5]-(8.1.5), [5]-(8.1.6)) 



(1.3) 



x>(x>m=x ] (x) (jj^w*) 



3to Metis OKOHnaTejibHO y6e/i,Hjio b tom, hto h BCTpeTiiji hobbih MaTeMaTiiHecKiiii 
o6T>eKT. Hmh SToro o6T>eKTa cpyHKiniOHajiBHafl MaTpHn,a, t. e. MaTpnua, sjieMenTaMii 

KOTOpOH HBJIHE3TCH OTo6pa>KeHHH. 

OcTajiocb cflejiaTb nocjie/niiiii mar. Ecjih sjieMeHT MaTpnixf>i OTo6pa»ceHHe, to a 
pa3pbiBaio CBH3B MejK^y OTo6pa»ceHHeM h apryMeHTOM, TOHHee roBopa, h 3aniici>i- 
Baro OTo6pa»;eHHe KaK onepaTop 

f(x) = fox 

B hobbix o6o3HaHeHHHx jiHHeiiHoe OTo6pajKeHHe Tejia mojkho 3anncaTb b BH^e 

(a lJ ei (g> e.j) o x — a %3 e.iXej 
CooTBeTCTBenHO, npoH3BO,i];Hyio OTo6pajKenHH / mojkho 3aniicaTb b BHfle 



;i.4) 



df(x) oa 



d* 3 f(x) 



8x 

B paBeHCTBe (1.4) MHe yijajiocb pa3flejiHTb npoH3BO,n,Hyio h npiipanreHiie. 



MaTpHIja JIHHCHHMX OTo6pa>KCHHH 
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2. COrJTALUEHHfl 

(1) B jiio6om BbipajKeHHH, rpfi noHBjiaeTCH im^eicc, h npe/niojiaraio, hto 3tot 
HH^eKC MOHceT HM6Tb BHyTpeHHioio CTpyKTypy. HanpiiMep, npn paccMOTpe- 
hiih ajireGpti A KOopfliinaTM a 6 A OTHOCiiTejibno 6a3iica e npoHyMepoBanbi 
HHfleKCOM i. 3to osHa^iaeT, hto a sBjiaeTca BeKTopoM. O^HaKO, earn a hb- 
jiHeTCH M£tTpHi^6H , HaM Heo6xo/niMO pp& HH^eKca, oflHH HyMepyeT CTpOKH, 
ppyrovL - CTOji6u,bi. B tom cjiynae, Kor^a mm yTOHHaeM CTpyKTypy HHfleK- 
ca, Mbi 6yn,eM HanimaTb vmppKC c CHMBOjia ■ b cooTBeTCTByiomeii no3Hinoi. 
HanpHMep, ecjiH h paccMaTpHBaio MaTpmxy a J KaK sjigmght BeKTopHoro 
npocTpaHCTBa, to h Mory 3anncaTb sjigmght MaTpimbi b BHfle a'j. 

(2) Mm 6ya,eM paccMaTpiiBaTb ajire6py A, KOTopan HBjiaeTca: kohehho MepubiM 
BCKTopHtiM npocTpaHCTBOM Hafl ueirrpoM. IIpH pa3jio>KeHHH sjieMBHTa aji- 
re6pbi A OTHoeiiTejibHO 6a3Hca e mbi nojrb3yeMCH o/nroii h toh »Le KopneBoii 
6yKBOii ,h;jih o6o3HaneHHJi SToro ajieMeHTa 11 ero KOop/i,HHaT. O/nraKO b aji- 
re6pe ne npimaTO Hcnojib30BaTb BeKTopHBie oGosHaneHiiH. B BbipajKeHim 
a 2 He hcho - 3to KOMnoHeHTa pa3jiojKeHHH sjieivreHTa a OTHOCiiTejibno 6a3Hca 
hjih 3to onepaniifl B03Be,n,eHHfl b CTeneHb. J\jisi o6jierHeHHH ^Ternis TeKCTa 
mm 6yn,eM HHfleicc 3jieMeHTa ajire6pbi BbmejiflTb ubctom. HanpHMep, 



(3) Ilpn paccMOTpeHHH KOHeHHOMepHOii ajire6pbi mm 6yn,eM OTOXflecTBjisTb 
BeKTOp 6a3Hca eo c p.jiymvmvft ajire6pbi. 

(4) Be3 coMHeHHH, y HHTaTejra mohx CTaTefi MoryT 6biTb Bonpocbi, 3aMeHaHna, 
B03pajKeHiiH. H 6yay nproHaTejieH jiio6oMy OT3MBy 

3. IlPOH3BEflEHHE OTOBPA>KEHHH 

Ha MHOJKecTBe OTo6pa»ceHHH 

l:A^A 

onpeflejieHO npoii3Be/i;eHHe corjiacHO npaBHjiy 

(3.1) f°g = f(g) 

PaBeHCTBO 

/ 9 = 9 I 

cnpaBefljiiiBO TOiyja n tojibko TOiyja, KOiyja fliiarpaMa 

/ 




KOMMyTaTHBHa. 

Jlnsi a & A, cymecTByeT OTo6pajKenHe 

(3.2) f a (x) = a 

Ecjih mm 6yn;eM oGosHa^aTb OTo6pajKeHne f a 6yKBOii a, to oniipaacb Ha paBeHCTBO 

(3.1), nOJIOJKHM 

(3.3) / o a = f(a) 
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4. BHKOJIbU,0 3>yHKITHOHAJlbHbIX MATPHU, 

Ecjiii A - fj-ajrre6pa ([1, 7]), b KOTopofl: onpeflejieHa onepainifl cjiojKeHiiH, to 

Mbl paCCMOTpiIM MHO>KeCTBO <pyHKU,HOHajIBHBIX MaTpHIJ,, 3JI6M6HTbI KOTOpblX 
HBJIHHDTCH OTo6pa>KeHHH 

f:A->A 

CoraacHO onpeflejieHHio [3]-2.2.1, hh onpeflejiiiM °-npoH3BefleHHe cpyHKii,HO- 

HajIbHHX MaTpHLI, 

bo°c = {b a c ocl) 

CoraacHO onpeflejiemiio [3]-2.2.2, hh onpeflejiiiM ° -npoH3BefleHHe cpyHKii,HO- 

HajIbHHX MaTpHIJ, 

b° oC = {b C b OC a c ) 

(b\c)t = ftgocg 

5. AjlTEBPA JlMHEHHblX OTOEPA>KEHHfi 



(4.1) 



(4.2) 



IlycTb A - acconiiaTiiBHafl ajire6pa nafl nojieM F. IlycTB e - 6a3iic ajire6pbi A Hafl 
nojieM F. IIycTi> eo - e/nmima ajire6pbi A. npoiraBe/ieHHe b ajire6pe A onpe^ejieno 
corjiacHO npaBHjiy 

(5.1) eiSj = B^e k 

H3 paBencTBa 

(c^Cj)cfc — Ci(6j'6fc) 

cjie^yeT paBGHCTBO 

(5-2) B§B* h =B? p B? h 

flflK 3aflanHBix a, b 6 A onpe^ejieHO jiiiHeiiHoe OToGpajKenne a ® b corjiacHO 
npaBHjiy 

(a ® b) o x = ax& 

CyMMa jiHHeftHbix OTo6pa»ceHHH TaKJKe hbjihctch jihhghhmm OTo6pajKeHiieM. Mho- 
jkgctbo jiHHeiiHbix OTo6pa>KeHHii sBjifleTCH ajire6poii A® A. npoii3Be,a,eHiie b aji- 
re6pe A® A onpeflejieHO corjiacHO npaBHjiy 

(5.3) (a ® b) o ( c <g> d) = (ac) <g> (db) 
PaBencTBO (5.3) cjie^yeT H3 paBCHCTBa 

(5.4) (a ® 6) o ((c (g> d) o x) = (a ® 6) o (cxd) = a(cxd)b = (ac)x(db) 

B ,zi;ajibHefinieM mm 6yn,eM nojib30BaTbca CTaH^apTHBiM npe,n,CTaBJieHHeM 

(5.5) {a l3 ei 8> e/) o x = a %3 eiXej 

TeopeMa 5.1. TIpovseedeHue Auneunux omo6paafceHuu, aadaHHUX e cmaHdapm- 
hom npedcmae/ieHuu, UMeem eud 

(5.6) (a ij ei ® e,-) o (b fc 'e fc ® e,) = a ij b kl B p ik B^e p ® e q 
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/toKasameMhcmeo. YTBepiKfleHHe TeopeMbi cjiepyei 113 paBeHCTBa 

(a ij ei <g,ej)o ((b kl e k ® ej) 01) = {a ij ei®e.j) o (b kl e k xei) 
(5.7) = a lj eib kl e k xeiej 

= a^b kl Bf k B^e p xe q 

□ 

TeopeMa 5.2. npouaeedenue JiuneuHux omo6paofceHuu ame6pu A accoi^uamueno. 
/toKasameAbcmeo. PaccMOTpHM jiimeftHbie OToGpaacemiH 

a = a %3 ~e~i ® ej 

b = b tj ei <g> ej 

c = c* 3 ~e~i ® ej 

CorjiacHO paBeHCTBy (5.6) 

(a o b) o c= (a^b^Bf^ep <g> e,) o (c ab e a g> e b ) 
= a i3 b kl B^Blc ab B s va Bi a e s ®e t 



(5.8) 

a o (b o c)= (a^'ei ® ej) o {b kl c ab Bl a B q bl e p ® e q ) 



(5.9) 



CorjiacHO paBGHCTBy (5.2) 

(5-10) Bf k B s pa = Bl a B s ip 

(5.11) BfjBl q = B^B*j 

YTBepjKfleHHe TeopeMbi cjie^yeT H3 paBeHCTB (5.8), (5.9), (5.10), (5.11). □ 

6. MATPHITA JTHHEHHblX OTOBPA>KEHHH 

ITycTb A - accoi^HaTHBHaH ajire6pa Hafl nojieM F. 

Onpe/jejiemie 6.1. OyHKrpiOHajibHaa MaTpnija a Ha3biBaeTCH MaTpnijeH jih- 
HeHHbix OTo6pa»ceHHii, ecjin a\ HBjiaeTCH jiHHeftHbiM OTo6pajKeniieM ajire6pbi 
A. □ 

TeopeMa 6.2. IIpouaeedeHue Mampuu, AUHeunux omo6paofceHuu ajize6pu A acco- 
v,uamu8H0. 

/JoKaaamejibcmeo. YTBepjKfleHHe TeopeMbi cjie^yeT H3 TeopeMbi 5.2 h u,enoHKii pa- 

BeHCTB 

(fo°g)o°h = ([f °g)) o h{) = ({f m ° 9?) ° h{) 

= (f m °(97° h i))=(fL°(9o°h) k n ) 
= fo°(go°h) 

□ 

TeopeMa 6.3. ° -npoweedenue Mampuv, JiuneuHux omo6paatceHuii ne/isiemcfi Mam- 
puufiu JiuneuHux omo6paatceHuu. 

/JoKasameAbcmeo. CneflCTBiie paBeHCTBa (4.1) h TeopeMbi [3]-9.2.21. □ 
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J\w 3anncH jiiineiiHoro OTo6pajKeHHH mm 6y,a,eM nojiB30BaTbCH CTaHflapTHMM 
npeflCTaBjieHHeM. CTaH^apTHoe npeflCTaBjieHiie MaTpim,bi jiimeHHbix OTo6pa»;eHHH 

HMeeT BHfl 

//"T, r, ... 7 
(6.1) / 

\./, Tj ... /;,"•"-, ; 

CorjiacHO onpeflejieniiio (3.3), 

/ ./•;'"-,• ® r, ... /,; '•'-, - ( \ Q /V\ / fr' '-,<•% ' 

V./, ... f^ei^ej) ° \a"/ Uf^i^, 
TeopeMa 6.4. ,Zf,/i,H 3adanHux Mampuv, auhcuhux omo6pamceHuu 

b = {b) kl e k Cg) ej) c = (cV feJ e fe <g> e ; ) 
o° -npou3eedeHue uMeem eud 

(6-3) b o c={bi ab c p j cd B h ac B l bd e h ®e l ) 
/I,OKa3ameM>cmeo. H3 paBeHCTBa (4.2) cjieflyeT 

(6o°c)J = (&*' ab e a ® e b ) o (cf cd e c <g) e d ) 
(6.4) = &j/ ab c^ cd (e a e c ) ® (e b e d ) 

= V p ab ^ d {B k ac e k ) ® (B l bdSl ) 
PaBeHCTBO (6.3) cjie^yeT H3 paBGHCTBa (6.4). □ 

7. KBA3HflETEPMHHAHT MATPHU,bI JMHEMHblX OTOBPAJKEHHH 

Teopeivra 7.1. IIpednoAocncuM, umo n x n Mampuup, a Jiuneunux omo6paofceHuu 
ajize6pu A UMeem Q ° -o6pamnym Marnpuv/tf 

(7.1) a o a- 1 °°=6 

Tozda k x k MUHop ° -o6pam,Hou Mampuufii ydoeAemeopjiem cjiedywuifiMy paeen- 
cmey, npu ycAoeuu, umo paccMampueaeMue o6pamHue Mampuvfii cyu^ecmeymm, 2 

(7.2) (a-^.-.^^^aZ-^o^a-L^^^^o^ 1 

JJoKasameAbcmeo. Onpeflejiemie (7.1) °-o6paTHOH MaTpim;bi npHBOflHT k chctsms 
jiHHeflpibix ypaBHCHHii 

(7.3) aHo o o- 1 » o W+4 J] o o o- 1 - o S = 

(7.4) a J [I]0 °a- l ^ ] +a J I0 °a-^ I J = 5 



^9to yTBepyK^eHHe h ero ,zi;oKa3aTejibCTBO ocHOBaHbi Ha yTBep^KfleHHH 1.2.1 113 [2] (page 8) 

flJIH MaTpHU, Ha,H CBOGoflHbIM KOJIbLIpM C fl6 JI6HH6M . 

2 3anncb {A. l _'~)~ 1 03HaMaeT, i ito npn o6pameHHH A^aMapa CTOJi6u;bi h ctpokh MeiraioTCH 
MecTaMH. Mm MOJK6M <|)opMajibHO 3anncaTb 3to Bbipa^ceHHe cne^yioiiiHM o6pa30M 



Mm yMHO^KHM (7.3) Ha fa.^rji 



MaTpHu;a jihhchhmx OTo6pa>KCHHH 
_i o 



(7.5) a" 1 ^ ^^^j = 
Tenept mbi mojkgm no^CTaBHTB (7.5) b (7.4) 

(7.6) -a{ 1]0 ° (a.L 71 ^)^ °a [ ^ D ° + aj ° 'j = 5 

(7.2) cjie^yeT eb (7.6). □ 

CjieflCTBHe 7.2. IIpednoAoatcuM, nmo nxn Mampuufi, a AUHeunux omo6paotceHuu 
aAge6pu A UMeem ° -o6pamHyw Mampwu,y. Tozda 3AeMenmu ° -o6pamHOU Mam- 
puvfii ydoeAemeopsimm paeencmey 2 

(7-7) (^^^^(^'h)"^^ 

□ 

Onpe/rejieHHe 7.3. (jJ)- o -KBa3H,ii,erepMHHaHT nxn MaTpinrBi a - sto cpop- 
MajibHoe Bbipa>KeHHe 2 

(7.8) dct(a, °) a b = (Ha- 1 ^ 

CoraacHO 3aMenaHHio [3]-2.1.1 Mbi MoaceM paccMaTpuBaTB (* )-%-KBa3H,n,eTepMH- 
HaHT KaK ajieMeHT MaTpiiHBi dct (a, o ) . KOTopyio mm 6yn,eM Ha3BiBaTB °-KBa3H- 

fleTepMHHaHTOM. □ 

TeopeMa 7.4. Bupastcenue 3asi SAeMenmoe ° -o6pam,Hou Mampuvfit, UMeem eud 

(7.9) a~ lo ° = Hdct(a, °) 

/JoKasameAbcmeo. (7.9) cjiepyeT H3 (7.8). □ 

TeopeMa 7.5. BupacHcenue 3ah (%)- ° -KeasudemepMUHanm UMeem Aw6yw U3 CAe- 
dymwALX (fiopM 

(7.10) det (a, °) b a = a b a a\ a]0 ° ^ °af 

(7.11) det(a, °) b a =a b a -a b [a]0 °ndet (a.1%, Q °) °ai h ] 

/JoKasameAbcmeo. YTBepiKfleHHe cjie^yeT H3 (7.7) h (7.8). □ 

TeopeMa 7.6. IIycmt> a - Mampui^a AUHeunux omo6paofceHuu. Tozda Mampuvfii 
det (a, °) u a _1 ° neAMomcsi MampwuflMU AUHeunux omo6pamce.nuu. 

/JoKasameAbcmeo. Mbi flOKajKeM TeopeMy HHflyKipieH no nopa/pcy MaTpimBi. 
Ilpn n = 1 H3 paBeHCTBa (7.10) cne/ryeT 

det (a, °)\ = a\ 

CjieflOBaTejiBHO, KBa3H,z];eTepMiiHaHT aBjiaeTCH MaTpimeii jihhchhbix OTo6pa»ceHHH. 
H3 TeopeMBi [6]-4.2 cjieflyeT, hto MaTpnua a _1 ° HBjraeTCH MaTpimeii jihhchhbix 
OTo6pa>KeHHH. 

IlycTt yTBepjK/jemie TeopeMBi Bepno jijir n — 1. IlycTB a - n x n MaTpiina. Co- 
rjiacHO npeflnojiojKemiK) HHflyKiniii, MaTpima (a.^'^J b paBeHCTBe (7.10) 
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HBjiaeTCH MaTpHu,efi jiHHeHHBix OTo6pa:aceHHH. CneflOBaTejiBHO, (j)-o -KBa3H,i];eTep- 
MHHaHT HBjiaeTCH jiHHeiiHbiM OTo6pajKGHiieM. H3 TeopeM [6]-4.2, 7.4 cjie/iyeT, hto 
MaTpnii,a a _1 ° HBjineTCH MaTpnueii jiiiHeiiHBix OTo6pajKeHHii. □ 

8. CHCTEMA JIHHEHHblX YPABHEHHH B ACCOIJ,HATHBHOH AJirEBPE 
TeopeMa 8.1. EduHuunaH Mampuvfl e UMeem cmaHdapmnoe npedcmaeAenue 

(8.1) e 6 = d/odo 

JJoKasamejibcmeo. IlpejKfle Bcero, sjieivieHTbi e/niHHHHOii MaTpHHBi otjihhhbi ot 
TOjibKO Ha flHaronajiii. CneflOBaTejibHO, i = j . Tare xax KajK/njft sjieMeHT Ha flna- 
ronajiH paBeH e/niHHue nojia, to sjieMeHT MaTpHHBi HMeeT bh^i, eo ® eo- CjieflOBa- 
TejibHO, k = 0, m = 0. □ 

TeopeMa 8.2. Ilycmb a - Mampuufi, AUHeunux omo6paDfceHuu a,Jize6pu A. Ilycmb 
b - Mampuup,, a ° -o6pam,Hasi Mampuufi a. SAeMenmu Mampuv, a u b cesisanu ypae- 
HenueM 

(8.2) a? p ab q- d B k ac BZ = S)5 k 5^ 

/toKasameAbcmeo. PaBCHCTBO (8.2) HBjiaeTCH cjieflCTBHeM paBeHCTB (6.3), (8.1). 

□ 

Onpe^ejieHHe 8.3. Ecjih n x n MaTpnna a juiHeiiHtix OTo6pa:sceHHH ajire6pbi A 
HMeeT °-o6paTHyio MaTpnny, Mbi 6yn,eM Ha3BraaTB MaTpnny a -HeBbipo>KfleH- 
hoh MaTpnijeH JiHHefiHBix OTo6pa>KeHHH. B npoTHBHOM cjiynae, mbi 6yppM 
Ha3biBaTb Taxyio MaTpinry -BBipojK,a,eHHOH MaTpHijeii JiHHefiHBix OTo6pa- 

>KeHHH. □ 

CiiCTeMa jiiiHeiiHBix ypaBHeHiifi b accoHiiaTHBHOii ajire6pe HMeeT bh,zj, 

!al' ij eiX k ej = b 1 
... 
a^eix k ej = b m 

Mbi moxkm 3anncaTi> CHCTeMy jihhchhbix ypaBHeHHH (8.3) b MaTpHnnoii cpopMe 
(8.4) 



i\" Lj ei®ej ... a x n %i ei®ej 









(l>'\ 










H 




\-\ 






\x n ) 




\b m ) 



(8.5) a °x = b 

Onpe/jejieHHe 8.4. IIpeflnojiCBKHM, hto a - -HeBBipojK^eHHan MaTpnna. Mbi 6y- 
^eM Ha3BiBaTB cooTBeTCTByioiHyio CHCTeMy JiHHefiHBix ypaBHemiii (8.5) °-HeBbi- 

pOiKfleHHOH CHCTeMOH JIHHeHHBIX ypaBHeHHii. □ 

TeopeMa 8.5. Pemenue HeeupocucdeHHoil cucmeMU auhcuhux ypaeHenuu (8.5) 
onpedeAeno odH03HauHO u Mowcem 6umb 3anucano e ak>6ou U3 CAedymvuiALX (fiopM 

(8.6) x = cT 1 °\ b 

(8.7) x = Hdet(a, °)o°fr 

floKa3amejibcmeo. YMHCOKaH o6e nacTH paBeHCTBa (8.5) cjieBa Ha a _1 ° , mbi nojiy- 
hhm (8.6). riojiB3yHCB onpe/jejieHiieM (7.8), mbi nojiynuM (8.7). □ 
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Mbi MO»ceM TaKJKe paccMOTpeTb peineHHe CHCTeMbi jiHtieirabix ypaBHeHHii (8.4) 
aHajiorHHHO TOMy, k&k sto cflejiaHO b TeopeMe [6]-4.1 Ecjih a k HMeeT pa3Jio:»ceHHe 

a k = a kp e p 

to ciiCT6Ma jiHHefiHbix ypaBHeHHii (8.3) SKBHBajieHTHa CHCTeMe jiHHeiiHMx ypaBHe- 
HHii 

(8.8) fv q a k(i = b lp 

rfle 

flP _ fl-ij DO DP 
Jkq — Jk a iq a aj 
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10. riPE^METHblH YKA3ATEJlb 

( J)-o °-KBa3HfleTepMHHaHT 7 

° -npoH3BefleHHe 4>yiiKLi,iiOHajibHbix 
MaTpnu; 4 

o -npOH3B6fleHHe 4)yHKLI,HOHaJIt.HbIX 

MaTpHn; 4 

o^Bbipo^KfleHHaH MaTpHi^a jiHHeimbix 
OTo6pay*ceHnii 8 

G°-KBa3HfleTepMHHaHT 7 

°-HeBi>ipo?K r ii;eHHaH MaTpHija JiHHeimbix 

OTo6pay*ceHnii 8 
°-HeBi>ipo^c r ii,eHHaH cucTeivia jiHHeflHKEX 

ypaBH6HHH 8 

MaTpHi^a jiHHeftHbix OTo6pay*ceHHH 5 
<J)yHKLi,noHajibHa5i MaTpnu,a 4 
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11. CnEIJMAJIbHblE CHMBOJlbl H OB03HAHEHM5I 

det (a, °)J (J )- °-KBa3HfleTepMHHaHT 7 
det (a, o°) o °-KBa3HfleTepMHHaHT 7 

b° c ° -npoH3Be r i],eHHe {^yHKi^noHajiBHBix 
MaTpHn; 4 

b °c o °-npOH3BefleHHe {^yHKi^noHajiBHBix 

McLTpilLI, 4 
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